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Stat ionary heat-conduction problems are  analyzed for  infinite plates with a c i rcu la r  hole or  for  
a c i r cu la r  disk weakened by s t ra ight - l ine  thermal ly  insulated c racks  of a rb i t r a ry  direct ion if 
boundary conditions of the f i r s t  or  second kind are  specified on the domain boundary. 

Let  N thermal ly  insulated cuts (cracks) of length 2 in (n  = 1, 2, . . . .  N) be given in an elastic isotropic 
plane related to a Car tes ian  coordinate sys tem xOy. The cen te rs  O n of the cuts are  given by the coordinates 

0 = x o + iyO. The cen te r s  of the local coordinate sys tems  xnOny n whose axes OnX n are  identical with those Z n 

of the c rack  lines forming the angles a n with the Ox axis are  positioned at the points O n. 

It is  assumed that in a body without cuts the t empera tu re  distribution is descr ibed by a given harmonic 
function t o (x, y). The genera l  t empera tu re  field in a domain with c racks  can be represented  by the sum 

T ix, Y) = to (x, y) -~ t (x, y), 

where t(x, y) is the per turbed t empera tu re  field due to the presence  of cuts .  The c racks  are  thermal ly  
insulated; therefore ,  on their  boundaries the following conditions are  satisfied: 

Ot +(x, y )  _ Ot-(x ,  y) _ Ot o(x, y) f = q~(x")' [ x n l < l n .  (1) 
Oy~ Oy,~ Oy,~ y~=0 

The tempera tu re  field for  an infinite plane weakened by a sys tem of thermal ly  insulated c racks  can be 
represented  in the form [1] 

N 

t1(x' Y) = Re l'-l-:- 
k=l  

lk 

(iak) ( Vk (t) d__t T~ = t exp (iah) + z ~ , e x p  (2) 
Th__ z ' 

--I h 

z = x + i y ,  

where 2Tk(X ) is the t empera tu re  jump due to the c ross ing  of a c r a c k  line. 

A s imi lar  representa t ion  of the t empera tu re  field will be found in an infinite plate with a c i rcu la r  hole of 
unit radius and center  at the origin with N thermal ly  insulated cracks .  The boundary conditions are  given of 
the f i rs t  or the second kind at the boundary of the hole. It can be assumed without loss of general i ty  that the 
contour T is ei ther  thermal ly  insulated or  a zero  tempera ture  is maintained on it. Then the tempera ture  field 
t(x, y) can be represen ted  as a superposi t ion of the solutions of two problems:  The determinat ion of the t e m -  
pera ture  (of the heat flux) on the hole boundary with the aid of the formula  (2) if all c racks  are  located outside 
this unit c i rc le  T0zl > 1, ITk[ > 1), and the determinat ion of the solution of the heat-conduction problem for a 
plate with a c i r cu la r  hole and �9 a specified t empera tu re  (with heat flux) on its boundary which is equal in 
magnitude but has a sign opposite to the one found above. 

By using the f6rmula (2), one obtains on the contour ~/[z = ~exp (i0) = pal the following result :  

t 1 (x, y) Iv = f (~) 2hi ~_~J[ ] _ , ~ h  T h - -  o 1 - -  ~T h 
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The t e m p e r a t u r e  field t 2 (x, y) in the plate  with a hole under the condition that 

t~ (x, v) :v = - -  f ((~) 

is  found f rom the re la t ion  [2] 

where  

t2(x, y ) = R e [ F o ( z ) - - F o ( 1 ) ] ,  

(4) 

(5) 

(3), 

1 ~ f(o) do 
F0 (z) 

2hi ~ a - - z  

Having evaluated the Cauchy in tegra l s  ove r  the c i r c u m f e r e n c e  T of unit radius  [3], 
(5), and (6) one obtains 

N lh 

t2(x' Y ) = - - R e  1 Z j" zex-p-(-z--i-%) 
- -  1 - -  zT k % (t) dr. 

f rom the 

(6) 

fo rmulas  

(7) 

By adding up the exp res s ions  (2) and (7), the pe r tu rbed  t e m p e r a t u r e  field t(x, y) is  obtained in the case  
of an infinite plane with a c i r cu l a r  hole which is  s t r e s s  f r ee  and on whose c i r c u m f e r e n c e  ze ro  t e m p e r a t u r e  is 
specif ied,  as  well  as a s y s t e m  of c r a c k s  with known t e m p e r a t u r e  jumps over  the i r  l ines.  

Assuming  that  the cuts do not in t e r sec t ,  that they a r e  all  in the in te r io r  of the domain, that the boundary 
conditions (1) a r e  sa t i s f ied  on the boundar ies  of the c r acks ,  and also that  

tk 
! v ~ ( t ) d t =  0 (k = l ,  2 . . . . .  N) ,  

one obtains a s y s t e m  of N s ingular  in tegra l  equations of the heat-conduct ion p rob lem for  de termining the 
X unknown function Tn ( ): 

~'i 7~ (t)dt ~ t~ 
I t - - x  --~ , 7"k (t)P.h (t, x)dt = ~q.(x), 

k=~ -'~h (8) 
--I  k 

I x l < l . ( n =  1, 2, . . . ,  N), 

where  

{ r m-o.  ]1 P.~ (t, x )=  Re exp(i~n) [ T k - - X .  r X.,(1 --T~.Xn) ' (9) 

X,, = x exp (i~.) + z~ , 

and 5nk is  the K r o n e c k e r ' s  symbol .  

Le t  us now cons ider  the case  of a t he rma l ly  insulated boundary of a c i r c u l a r  hole on a plane with c racks .  
Start ing with the fo rmula  (2), one finds the value of the heat flux on the c i r c u m f e r e n c e  ~ �9 

Ot~ 1 ~ '~ '~ [ exp(i~ h ) exp (--  i ~ ) ]  
=g(o) = 2~i ~ J [ (T~--o) 2 ~ j(~Yhi t) dt. (10) 

0p v k=,- t~  

When the condition 

ot~ t = - g(o) (ii) 
ap ~.~ 

is sa t i s f ied  on the boundary T, the t e m p e r a t u r e  t 2 (X, y) in a plane with a hole is found by using the formula  [2] 

(i2) 
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Here 

Fo (z) ----:-- 1 2~i g (a) In (z -- z) d~ 
. f f  

Using the re la t ions  (12) toge ther  with the express ions  (13) and (10), one obtains 

(13) 

1 exp (--  i~zk) 
t~(x, y ) = R e  ~i k= ,_  . _ _  T-k (l -- zT-~) Va (t) d/. (14) 

The sum of the express ions  (2) and (14) provides  the sought represen ta t ion  of the per tu rbed  t empera tu re  
! 

f ield t 2 (x, y) fo r  a plane with the rmal ly  insulated holes and c racks .  The functions 7 k (x) are  de termined  by the 
following sys tem of N in tegra l  equations: 

+ % (t) Qnk (t, x) dt = ha. (x), (15) 

--1 n --1 k 

Ixl<l,~(n= l, 2 . . . . .  N). 

The ke rne l s  Qnk(t, x) a re  given by 

Q.k (t, x) = Re exp (ia,J T~ - -  X~ X. (1--rkx.)  . " 

It is noted that in tegra l  equations of the corresponding problems  in heat conduction for  a c i r cu l a r  disk 
of unit radius and with a sys tem of N the rmal ly  insulated c r acks  can be obtained in a s imi la r  manner .  They 
a re  also of the fo rm (8), (9), (15), and (16), the only d i f ference  being that in this case  ITkl < 1, IXn[ < 1. 

The in tegra l  equations a r r ived  at for  any location of the c racks  can be solved numer ica l ly  [4]. If the re  
a re  g rea t  d is tances  between the cuts add between the cuts and the domain boundary, one can find analytic solu- 
t ions of these  equations [5] by using per turbat ion  methods.  

N O T A T I O N  

T, t 0, t ,  t empera tu re ;  2l ,  2/n,  c r a c k  length; N, nmnber  of c racks ;  x, y, rec tangular  Car tes ian  
coordinates ;  27k(X ), t empe ra tu r e  jump for  c ross ing  c r ack  line. 
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